Abstract. We prove that for Y a compact Hausdorff space, every lattice homomorphism from C(Y) to C(X) which takes each constant function on Y to the same function on X is linear.
Clearly C(<p) is a ring, algebra, and lattice homomorphism which fixes each constant function, i.e., C (</>)(rY) = rx for all r G R. It is well known that for y a compact Hausdorff space, every ring homomorphism from C(Y) to C(X) taking lr to 1^-arises in this way.
Theorem. Suppose Y is a compact Hausdorff space and d>: C(Y) -> C(X) is a lattice homomorphism such that $(/y) = rx for all r E R. Then there exists a continuous map <b: X -» Y such that $ = C(<#>).
We regard a prime ideal P as a nonempty, proper lattice ideal with f E P or g E P whenever f /\g E P. Following Kaplansky [2], we say that a prime ideal P in C (X) is associated with a point x E X if g E P whenever / E P and g(x) < f(x). For X compact, every prime ideal in C(X) is associated with some point of X and this point is unique if X is also Hausdorff [2, Lemma 3]. Moreover, it is easy to see that if P c Q where P, Q are prime ideals in C(X), X a compact Hausdorff space, then P and Q are associated with the same point.
For x E X, let Sx: C(X)->R be the point evaluation map defined for /GC(X)by
Lemma. Suppose X is a compact Hausdorff space and <T>: C(X) -> R. Then 4> is a lattice homomorphism satisfying $(rx) = r for all r G R if and only if $ = 8X for some x E X. of prime ideals in R, {$ x(Pa): a E R} is a chain of prime ideals in C(X) and hence each 4>~'(/>") is associated with the same point x E X. We show that $(/) = f(x) for all/ G C^), i.e., $ = áx. For r E R, r < f(x) implies i> G ^"'(P^^) since ^"'(.P^) is associated with x and thus r = <f>(rx) < $(/). Hence /(x) < $(/). And for r G R, f(x) < r implies / G $-1(Pr) so $(/) < r. Therefore $(/) = f(x).
Proof of Theorem. For each x G X, 8X ° $: C(y)-»R is a lattice homomorphism fixing the constants and thus there exists a unique y E Y with 8X ° $ = S,. Letting ^>(x) = 7, we have for all/ G C(Y) and all x G X *(/)(*) = (** ° *)(/) = W) = (/•*)(*) and therefore O = C (</>). The continuity of <í>: X-» Y follows immediately since the zero sets /~'(0), / G C(Y), form a base for the closed sets of Y. Pertinent examples appear in [1] .
